The Penny-Shaped Interface Crack With Heat Flow Part 2: Imperfect Contact
The penny-shaped crack with heat flux is investigated for the case in which the heat flux is into the material with the lower distortivity. A harmonic potential function representation is used to reduce the problem to a boundary value problem which is solved by an integral equation method. If a sufficiently high tensile traction is applied, a solution is obtained involving a central circle of separation and surrounding annuli of imperfect and perfect thermal contact. For lower tractions, or higher heat fluxes, the crack closes completely and a closed-form solution is obtained in which the division of the crack face into imperfect and perfect contact regions is unaffected by further changes in heat flux or traction. Multiple solutions are obtained in an intermediate range.

Introductions
In a previous paper [1] , a solution was given for the thermal stress field due to the obstruction of a uniform heat flux by a penny-shaped crack at the interface between two dissimilar half spaces. The half spaces were simultaneously subjected to tractions tending to open the crack. The treatment was restricted to the case where the heat flows into the material of higher distortivity, for which an annular contact region is developed at the crack tip surrounding a circular region of separation. The extent of the contact region depends on the relative magnitude of mechanical and thermal effects and the behavior is qualitatively affected by the sign of the product 07 where j3 is a Dundurs constant and 7 is a constant describing the mismatch of distortivities.
In this paper, we will consider the same system for the opposite direction of heat flow. The difficulties that arise when heat flows across a unilateral interface into the material of lower distortivity have been extensively discussed in previous publications [2] [3] [4] [5] . Briefly, under certain conditions, all steady-state solutions with the conventional boundary conditions violate the unilateral inequalities (contact tractions nontensile and no interpenetration). The difficulty can be avoided by making the physically more realistic assumption of a pressure or gap-dependent interface thermal resistance and a limiting case of this is the state of "imperfect thermal contact" defined in [4] . The boundary conditions involving imperfect contact have been used to sovle a number of Discussion on this paper should be addressed to the Editorial Department, ASME, United Engineering Center, 345 East 47th Street, New York, N.Y. 10017, and will be accepted until two months after final publication of the paper itself in the JOURNAL OF APPLIED MECHANICS. Manuscript received by ASME Applied Mechanics Division, July, 1982; final revision, April, 1983. Paper No. 83-WA/APM-13.
Copies will be available until July, 1984. thermoelastic contact problems which are otherwise ill-posed [4, [6] [7] [8] and the reader is referred to these papers for further details.
Statement of the Problem
The geometry of the problem is illustrated in Fig. 1 . The interface is the plane z = 0 in cylindrical polar coordinates and the dissimilar half spaces z>0, z<0 are referred to by suffices, 1, 2, respectively. A uniform heat flux, q z =q 0 and a uniform tenion, a zz = er 0 are imposed distant from the crack, which extends over Qsr<c, z = 0. We assume provisionally that the arrangement of contact zones is the same as in [1] except that an annular region of imperfect contact is required between perfect contact and separation as shown in Fig. 1 . The validity of this assumption can only be tested a posteriori by its ability to generate solutions satisfying the unilateral contact inequalities. It is also assumed that contact between the crack faces is frictionless.
As in [1] we denote coefficient of thermal epansion, thermal conductivity, modulus of rigidity, Poisson's ratio, and thermal distortivity by a, k, n, v, and 5, respectively, and we note that the direction of heat flux under consideration corresponds to <7o(Si-o 2 )<0 (1)
Mathematical Formulation
The initial stages of the solution are identical with [1] and will be omitted here in the interests of brevity. We note that the problem is formulated as a perturbation on the state of uniform traction o 0 and uniform heat flux q 0 . The displacement and temperature fields are represented in terms of three harmonic functions w, </ >, 4/ and the problem is reduced to a mixed boundary value problem for the half space z>0 by using appropriate symmetry conditions. The boundary conditions for this problem-derived from the conditions at the crack plane-differ from those in [1] only through the inclusion of the region of imperfect contact, a<r<b, which can be defined as a region of contact in which the contact pressure is negligibly small permitting significant thermal contact resistance between the crack faces [4] .
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Using the formulation in [1] we obtain the following boundary conditions on the functions ai, </ >, \p at the plane z = 0.
(/) The normal traction o zz is zero in the separation and imperfect contact regions:
from [1] , equation (8) .
(//') The shear traction a n is zero throughout the crack face (all contact is frictionless):
from [1] equation (10) .
(iii) Normal displacement, u z , is continuous everywhere except in the separation zone: (12) .
(iv) Radial displacement, u r , is continous in the bonded region:
, d<f> "dc*> (9) . Note that these six conditions fall into the three pairs (2), (6); (3), (5); and (4), (7), each of which covers the entire plane z = 0.
Isolation of Discontinuities
As in [1] , it is convenient to isolate the discontinuities in the displacement field which arise at each of the transitions (r = a, b, c) in three separate functions. This can be done by defining linear combinations x, 6 of w, </ >, \p through the equations 
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We note that y will lie in the range -1 <y< + 1 unless one of the materials has a negative coef fcient of thermal expansion.
Solution Strategy
As in previous papers [1, 4, 6, 9] we will satisfy certain of these conditions identically by the repesentation of Green [10] and Collins [11] and use the remaining conditions to develop a set of coupled Abel equations. The procedure is lengthy because of the complexity of the boundary conditions and can only be briefly outlined here. The reader is referred to the cited papers for more details and simpler illustrations of the method.
The relations to be satisfied identically by the representation are shown in Table 1 (26) and (27)). Note that the function 0 is decomposed into two parts 0,, 0 2 (0, +0 2 = 0). The arbitrary constant C, in equation (18) is a constant of integration of (14). The four remaining boundary conditions (10), (12), (13) 
Appying the same technique to equations (10), (12), and (15) we find, respectively,
and
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and C 3 and C 5 are constants of integration.
Equations (22) and (24) 
Note that equation (26) is of the same form as (34) of [1] and the inversion is only possible if the right-hand side vanishes at infinity. This imposes the supplementary condition.
(32)
Auxiliary Conditions
The arbitrary constants in these equations and the unknown radii of the contact zones a and b are determined by applying appropriate conditions to the asymptotic behavior of the stress and temperature fields at r=a,b; z = 0. In particular, we demand continuity of temperature at both these points and continuity of normal traction (CT ZZ ) at r = b (i.e., the normal traction in the perfect contact zone must tend to zero at the transition to imperfect contact [5] ).
The representations used (17)- (20) and Table 1 will ensure suitably continuous fields throughout the half space except possibly at the ends of the integration ranges. Thus, at r = a, z = 0, a discontinuity can occur in % and its derivatives, but not in the other functions 0,, 0 2 , 4>. From (6) and (9) it follows that continuity of temperature at r = a is equivalent to continuity of the derivative d 2 •=hm on z = 0. 
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Note that in the derivation of equation (43), the constants C 2 and C 3 were eliminated using (39) and (40 using (28), (30), (39), and (40). We note at this stage that equations (32), (36), and (42) are sufficient to determine the remaining unknown constant C, and the contact radii a, b.
Reduction to a Single Fredholm Equation
The next stage in the solution is to reduce the four equations (28), (30) from (42), using (31).
Dimensionless Presentation
The equations are all linear in the quantities <T 0 > <7o> and C,, any one of which could therefore be used as the basis for a dimensionless formulation. The procedure used here is to eliminate a 0 and q 0 from (43) using (46) and (47), obtaining a Fredholm equation in the dimensionless function
Some simplification can also be achieved at this stage and in the subsequent numerical solution by extending the range of the equation to -a<x<+a, making use of the fact that g 3 
(x) and hence g(x) is an odd function of x, as seen from equation (35). The resulting Fredholm equation is
where 
Interface Tractions and Stress Intensity Factors
Once g(x) is known, displacements and stresses throughout the bodies can be found by substituting (17)- (20) into [1] equation (3), making use of (28)- (31) where necessary. On the interface z = 0, the expressions obtained are the same as those in [1] (equations (47)- (49)) except for minor differences of notation. Of particular interest are the stress intensity factors
The singularity in normal traction a zz occurs in a region of contact where a zz <0 and hence we must have a 0 K t <0 for a physically meaningful solution.
Numerical Procedure
In practice, the applied traction CT 0 and heat flux q 0 would be given and the contact radii a and b would be determined as part of the solution. The integral form of the kernel (50) would make the resulting iteration process computationally inefficient. A more practical procedure is to allow the constant 7 and the ratio a 0 /q 0 to float while prescribing a and b. Equation (49) can then be solved for g{x) and back substitution into (47) and (46) gives values for the dimensionless groups CTOC/C,; q 0 (8 l -8 2 )c 2 /AC l , respectively, whose ratio SQ= a a A (56) tfo($i -h)c (see also [1] equation (42)).
Finally, the auxiliary condition (52) is used to determine 7.
Results
Results for 0= -0.5 are shown in Fig. 2 , where lines of constant a/c (fine lines), and b/c (heavy lines), are plotted against 7 and -SQ. We note that all the results fall in the region SQ<0, which corresponds to tensile applied tractions in view of inequality (1) .
The lines of constant a/c fall monotonically with increasing negative SQ and define an envelope to the left of which no solutions are obtained. (It is shown in the next section that the crack remains fully closed for values in this range.)
The curves of constant b/c originate at the line a/c = 0 and extend to the left as a/c is increased until the envelope is reached after which they extend to the right and approach the corresponding a/c curves asymptotically. Solution for particular pairs of values of 7 and SQ are represented in Fig. 2 by the intersections of (/') the upper portion of the b/c lines and 774/ Vol. 50, DECEMBER 1983 Transactions of the ASME -SQ=\ and cannot usefully be distinguished in Fig. 2 at larger values. In physical terms, this means that the extent of the imperfect contact regin (a<r<b) becomes very small when a 0 is increased at constant 7, q 0 (i.e., when -SQ is increased at constant 7).
Under these conditions, it is interesting to compare the results with the solution to reference [1] in which the extent of imperfect contact is exactly zero. We emphasize that this simple solution is strictly inapplicable for the physical constants corresponding to Fig. 2 , since it predicts a small region of tensile contact traction and interpenetration near the contact/separation boundary, but the values of SQ and K x agree very closely with those obtained from the physically correct solution given here. In effect, when the imperfect contact region is small, it produces a purely local effect on the temperature and displacement fields. Figure 2 shows no solution to the problem in a range of small negative values of SQ. In this range, we will show that there is no separation region-the crack is completely closed, but contains a region of imperfect contact surrounded by an annulus of perfect contact.
Solution With No Separation
No separate solution is required for this case since it can be treated by setting a = 0 in the existing formulation.
It is easily verified that equations (11) and (13) 
The auxiliary condition (52) reduces to
The traction on z = 0 are easily obtained as
This simple solution is homogeneous in a 0 and does not depend on q 0 . The later result is of course predictable from the boundary conditions, since dependence on q 0 is eliminated along with the separation region 0 </•<«. Thus, in principle, equation (57) defines a solution for all values of SQ. Furthermore, the boundary between perfect and imperfect contact defined by the ratio b/c is independent of SQ-it depends only on the physical constants /3 and 7 through equation (58). In these respects, the solution resembles "receding contact" problems of isothermal elasticity [12] . However, a restriction must be placed on the values of SQ because of the inequality
which must be satisfied in the imperfect contact region [4, 5] . This inequality follows from the requirement that only a positive thermal contact resistance is physically acceptable and in the present problem it leads to the condition
SQ>-c/b
which defines the region to the left of the line a/c = 0 in Fig. 2 .
Discussion
We are now in a position to define qualitatively the behavior of the crack as the thermal and mechanical conditions are slowly changed.
Suppose we first impose a tensile traction CT 0 , with the isothermal condition <?o = 0. This solution corresponds to SQ ex for the appropriate value of 7 in Fig. 2 . It has already been discussed in [1, 13] and it gives a small annulus of contact surrounding a region of separation.
If we now apply a heat flux in the direction defined by (1), we move to the left along a horizontal line in Fig. 2 . Initially the conditions corresponds to the intersections described as type (//) in the preceding results section: An annulus of imperfect contact is developed and both contact regions grow at the expense of the separation region as q 0 is increased. This state can persist until we reach the left boundary of the multiple solution region, but after we pass the line ale = 0, it is also possible that a transition should occur to either the type (/) solution or to the state with no separation. Intuitively, it seems likely that the behavior will be continuous, i.e., the system will remain in the same qualitative state-as long as conditions permit, in which case a discontinuous transition to the solution with no separation must occur at the envelope of the ale lines. Subsequently increase in heat flux then has no further effect on the perturbation in temperature or the stress field. By a similar argument, if we increase (-SQ) slowly, we might expect a discontinuous transition from no separation to the type (//) solution at the line alc = 0.
However, a definitive statement of the conditions realized in the multiple solution region must wait on an analysis of the transient problem or a stability analysis of the three solutions.
